On the Infinitude of Twin-Primes
Bao Qi Feng

Department of Mathematical Sciences, Kent State University at Tuscarawas

330 University Dr. NE, New Philadelphia, OH 44663, USA.
Abstract

In this article, we create a sieve for twin-primes by using the smallest
prime factor criterion and exhibit some of its elementary properties.
We offer three proofs for the infinitude of twin-primes: (1) Originally
created proof; (2) Euclid’s Proof; (3) Pritchard’s proof. Finally, we
attached the Polignac Conjecture to show its relationship with the
Twin-Prime Conjecture, and summarize what is the contribution of
this article in mathematics.

1. Introduction

The Twin-Prime Conjecture is one of most elusive unsolved problems in the world.
There are many ways to considered a problem. Many attempts have been made to prove
this Conjecture using various methods. We seek a way that is simple, suitably fit the
problem, and is easy to understand. This is indeed the beauty and power of mathematics.

In this article, we introduce an elementary method for proving the Twin-Prime Con-
jecture. The outline of this article is the following:

(i) Build a basic set Iy and its subsets I and Ej (kK € N) by using the smallest
prime factor criterion. From the elementary properties of the decomposition of
Iy we immediately obtain the characteristics of the pair elements in the basic set Iy,
Theorem 4:

(1) (pg+1,pre1 +2) € Iy, if and only if (pri1, pry1 + 2) is a pair of twin-prime.
(2) T (Prs1, Pr1 +2) € I, then (prey1, pry1 +2) € Egyr and (pry1, Pry1 +2) € Liva

(3) Ejy1 has no element of a pair of twin-prime, if (pgy1, prr1 + 2) is not a pair of
twin-prime.

(ii) Let t; = min [}. If each ¢, (kK > 1) is a pair of twin-prime, then proving the Twin-
Prime Conjecture will be transformed to proving the sequence {¢;} contains an
infinite subsequence of twin-primes (Theorem 14, Proof 1);
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(i)

(vii)

If Ii{pi,, — 3} # &, then I {p; , — 3} consists only of pairs of twin-primes in
I, (Theorem 8), hence the minimal element t; of I}, is also a pair of twin-prime

(Theorem 9). Thus, the kernel of solving the Twin-Prime Conjecture is proving
that I, {pi,, — 3} # ¢ for all k € N.(Theorem 13);

Theorem 4 leads us to believe the mathematical induction is a suitable method for
proving Theorem 13: [;{p;,, — 3} # ¢, for all k € N.

There are two cases we need to verify I {p;_ , — 3} # ¢ = Lii{p; o — 3} # ¢ if
we use the inductive method:

(1) (Pr+1, Pret1 +2) ¢ L{pi,, — 3}. That Theorem 4, and Lemma 9 of I,{p;_, —

3} C Iita{piy, — 3} implies that Iy{p;,, — 3} # ¢ = Ly {piss — 3} # ¢ is
true.

(2) (Prt1,Pr1 +2) € L{pi, — 3}. By Theorem 4, (pgi1,pe+1 + 2) € Ejpq and
(P41, D1 + 2) € Ia{pi o — 3}. Thus, for completing the inductive proof, we
just need the following true statement:

fk{piﬂ -3} # o= Lc(]?i_u -3)>2.

One benefit of learning the structures of Iy, Ex (Theorem 5) is the exact value
formula of the counting function I () of the set I {7} (Theorem 6):

k

I () = H(Pz —-2), k>2.

=2
which shows the sequence {I;(mx)} diverges to oo.

For using the counting function formula I;(7) to prove I;{p;_, —3} # ¢, we created
an inequality (Lemma 3)

2
D1 < T < Pry1 — 3 < Ts41,

and defined the concepts of s—decomposition of a subset A of Iy and the i s—componet

of A. Applying these definitions to the set of I {7}, we show that the first s— com-
ponent I {7} in the s—decomposition of I;{m;} is a subset of Iy{p{,, — 3}. Thus,
the inequality becomes a bridge between I {m} and I {p;., — 3}. Thus, if we can
show Ij(ms) > 2 true, then it will imply Iy1{p; o — 3} # ¢ :

Li{pigs = 3} # ¢ = Ii(ms) 2 2= Li(pigps = 3) 2 2= i (g — 3) 2 1.

Introducing the average function of all s—components of the s—decomposition of
I{m} and shows it diverges to infinity, which ensures I;(ms) > 2 is true for big
enough k.



(viii) Base on the construction of above the outline of (i—vii), we completed the original
proof for the twin-prime problem (Theorem 14, Proof 1).

(ix) Base on Theorem 13, we give another two proofs: Euclid-type proof (without
Theorem 10) and Pritchard-type proof for the infinitude of twin-primes.

(x) A suggested order for reading this article is sections 1, 2, 3, 4, 6, 7, 8, 9, 10, 5,
11.

2. Definitions and elementary properties

Let N be the natural number set. We say a, b € N are relatively prime if (a,b) = 1,
where (a,b) represents the greatest common factor of a and b. Let the set of all prime
numbers be denoted by P = {py,pa,-- -}, where p; =2, p, =3 and p; < p;, if i < j. We
know that the set P is an infinite set. Denote 7, = Hlepi for k> 1 and my = 1.

We construct a basic set:
Iy ={(,a+2): e N},

in which the first coordinate belongs to the natural number set NV, and the second coor-
dinate is obtained from adding 2 to the first coordinate.

Notice that Iy # N x N, and I is clearly isomorphic with V.

Definition 1 For any k € N, define
By ={(a,a+2) € Ij—1 : p(a) = p, or pla+2)=p},
where p(a) denotes the smallest prime factor of a; and Iy, is defined as follows:
I ={(o,a+2) € Iy: (a,m) = (v + 2,7m) = 1}.

Ej is called the kt'-exterior of Iy and I, is called the k*-interior of I,.

It is easy to verify that another equivalent definition of F is
By ={(e,a +2) € Ip : min{p(e), p(a + 2)} = pi}-

In fact, if (o, a42) € Ej, then (a, a+2) € I;_1, which implies p(«) > py, and p(a+2) > py;
(o, +2) € Ej and implies p(«) = pg, or p(a+2) = pg, hence min{p(«), p(a+2)} = py,
and Ej C Ej. Conversely, if (o, a+2) € Ej, then min{p(«), p(a+2)} = p, so (a, mx_1) =
(+2,m,_1) =1, hence (o, +2) € I;_1 and p(«a) = pg, or p(a+ 2) = p, that means
E, C Ey. Hence £}, = Ej.

We also define the notation (a, ;) = 1 to represent that a = (a, « + 2), and (o, ) =
(a+2,m;) = 1. Thus, a = (o, + 2) € I, if and only if (a, 7)) = 1.

From the definition of I; we immediately have the following results.



Theorem 1 The collection of sets {I} forms a monotone decreasing sequence of sets,
1.e.

I, DIy, k€N

0
For ease of discussion we copied here the following lemmas relating to arithmetic
progressions (see [1]) without proof.

Lemma 1 Suppose that a,d € N, py, € P with (pg,d) = 1. Let
A:{azaz:a+(z—1)d,z€N}

and
a,:a—i-(z—l)d, ]_Slgpk,
la;] = {a; + (¢ — 1)dpr : g € N}, 1 <4< p.

Then the collection of sets {[a;] : 1 <1i < pg} is a partition of A; that is
(1) [ai]Nfa;l =9,  ifi#7,1<4,j<py, and
(2)  A=UZLlal.

Lemma 2 For any given a,d € N, py € P with (px,d) = 1, there exists a term a,,, which
15 the unique one of the first py terms of the arithmetic progression

{an:an,=a+ (n—1)d, n€ N},
such that  py | ap.

The following concept and notation are convenient for discussions in the following
sections.

Definition 2 A sequence of pair numbers {(«, 5;)} is called a double arithmetic progres-
sion with the common difference d, if

Qip1 — ;= PBiy1 — Bi=d, forie N.

Using the notation («, 8) 4 d to represent (o + d, 5 + d).

We know the definitions of k"-exterior and k''-interior of Iy, let’s now look at the
contents of Fy, I, F», I, E3, and I;.

First, we know that

o= {(1,3),(2,4),(3,5), (4,6),--- } = {(n,n +2) : n € N}.



From the definitions of the exteriors and interiors of I, we have

E, = {(a,a+2)€ly:pla) =2, or pla+2)=2}

= {(2,4),(4,6),(6,8), -} ={(2,4) +m(¢—1) ;g € N},
L = {(,a+2)€ely: (a,ﬂl):(oz 2,m) =1}

= {(1,3),(3,5),(57),--} ={(1,3) + m(g = 1) : g € N}.

We see that Iy = Fy U, and By N1 = ¢.
Notice that (71, ps) = (2,3) = 1, by Lemma 1, I; can be rewritten to be:
(1,3) + ma(q — 1)

3
I=1 (3,5)+m(¢q—1) : g€ N
(5,7) + ma(q — 1)

From the definitions of F> and Iy, we have

(1,3) +ma(q — 1)
Ey, = cqgeN .,
(3, 5) + 7T2(q — 1)

and
L={ (57 +m(g—1) :qeN }.
We see that Iy = E5 U I, and Es N Iy = ¢.

Similarly, by Lemma 1, I, can be rewritten to be:

(5.7) + mala — 1)
(11 13) + m3(¢ — 1)
L=< (17,19) +m3(¢—1) : g€ N
(23,25) + m3(q — 1)
(29,31) + m3(¢ — 1)

From the definitions of E3 and I3, we have

(5,7) + m3(q — 1)
E3 = H/AS N )
(23,25) + m3(q — 1)
(11,13) + m3(g — 1)
Iy=«¢ (17,19) 4+ m3(¢—1) : g€ N
(29,31) + m3(q¢ — 1)
We see that I, = E3 U I3 and E3N I3 = ¢.

Next, let’s look at the elementary properties between Ej and Ij.



Theorem 2 There are the following relations between the exteriors and the interiors of
Iy. For allk € N,

(1) By C I,

(2) I =1 UE;,

(3) IyNER=¢.

Proof. (1) Follow the definition of Ej.

(2) We just need to verify that I, C [ U Ey. If (a,a+2) € I;_q, then (a,mp_1) =
(o +2,m1) =1, so p(a) > pr and p(a+2) > pg, in which if one of p(a) = pr and
p(a+2) = pg is true, then (o, + 2) € Eg. If both p(a) > pr and p(a + 2) > py,
then (a,m) = (o + 2,7m,) = 1, which implies (o, + 2) € I. Hence Iy 1 C Iy U E.

(3) Suppose that I, N Ej, # ¢, then there is an (o, a + 2) € Iy N Ej, which means
that (a,7,) = (a+ 2, 1) = 1 and min{p(«), p(a +2)} = pr. This is impossible. Hence
I N E, = ¢. O

Theorem 3 For any k € N, the collection of sets { Ey, Es, ..., Ey, It} forms a partition
of Iy; that is

(1) ENE;= ¢2fz7éj,1<z j<k;and E;NIy=¢, foralli, 1 <i<k;

(2) Iy=E\UEU--UE Ul

Proof. (1) Fix k. If E; N E; # ¢, for some i, j with i # j, then there is an element
(a,a +2) € E; N E;, which implies p; = min{p(a), p(a 4+ 2)} = p;, contradicting to i # j.

Let 1 <14 <k, suppose that E;N [ # ¢, for some i,1 <i < k. Let (o, a+2) € E;N I,
then min{p(a), (a +2)} =p;, and (a,7) = (a+2,7;) = 1. Since for any ,1 < i <k,
(pi, ™) = Py, 80 (v, mg) > p; or (42, ) > p;, thus, that E;N I, # ¢, for somei, 1 <i <k
is impossible. Hence E; N[, = ¢, for all 1 <i < k.

(2) It is trivial to show that [y D E; U Ey U --- U Ej U I;.. Suppose that (a,a +2) €
Iy, if min{p(a),p(a + 2)} = p;, for some i, 1 < i < k, then (o, +2) € E;, or if
min{p(a),p(a + 2)} = p;, for some i, i > k then (a,7m;) = 1 and (o + 2,7) = 1, so
(o, v+ 2) € Iy, hence [y C FyUFE;U---UER Ul So Iy = EyUE,U-- UEkU[klstrue

O

Theorem 4 Suppose that k € N, then

(1) (Prs1, Prr1 + 2) € Iy, if and only if (Pr+1, Pr+1 + 2) 1S a pair of twin-prime.

(2) If (Prt1, Prgr + 2) € Iy, then (Pes1, Pes1 +2) € Epgr and (Prgrs D +2) € Ty

(3) Exi1 has no element which is a pair of twin-prime, if (pry1, Prr1 + 2) is not a pair of
twin-prime.

Proof. (1) If (pri1,prs1 + 2) € Ii, then (pry1 + 2,m,) = 1 by the definition of I. If
Pr+1 + 2 is composite, then it can only have a nontrivial prime factor py,q, but it is
impossible besides 2+ 2 = 2 x 2. Hence (pg+1, pr+1 + 2) is a pair of twin-prime for k € N.
If (pr+1, Pry1 +2) is a pair of twin-prime, then (pgy1,7) = 1 and (pgs1 + 2, m) = 1 hence
(Prt1, Prs1 +2) € I



(2) By Theorem 2(2), I, = Ix11 U Ex11 and Iy N Exyq = ¢. Hence that (pgi1, pry1 +
2) € I, implies p(pri1) = pra1 and (pro1 + 2,7,) = 1 and p(pra1 + 2) > pryr. Thus,
(Pk+1, Pry1 +2) € By and adding Eyyq N Iyyy = ¢, 50 (Pry1, Prr1 +2) € Drga

(3) Base on (1), (2), and the definition of Ej. 0

Theorem 4 responds the following questions.

Question (1). Must (pg, pr +2) be in 47

Answer: Yes, if it is a pair of twin-prime, otherwise no, if it is not a pair of twin-prime.
For example, (23,25) = (pg, pg + 2) & Iy_1 = Is. In fact, (23,25) € E3 and (23,25) & I3,
since (25,73) = 5 # 1. Theorem 1 shows that Is C I3, hence (23,25) & Iy = Iy_;.

Question (2). Must (pk, pr +2) or (px — 2, px) be in Ei?

Answer: Yes, if they are twin-primes: (pg, pr +2) € Ex, and (pr, — 2, pr) = (Pk—1, k) €
Ek_1. Otherwise no, if they are not twin-primes. For example, pg = 23, then (pg, pg +2) =
(23,25) € E5 and (pg — 2,pg) = (21,23) € E,. Theorem 3 shows E3 N Ey = ¢ and
Ey N Ey = ¢, 50 (po, po +2) & Eg and (py — 2,p9) & Eo.

3. The structures of I, E,

In section 1, we exhibited the contents of FEi, I, E», I5, F5, and I3. In general, the
structures of I, and Ej, are as follows.

Theorem 5 Fork > 2, the set I}, consists of Hfzz(pi—Q) double arithmetic progressions
with the common difference m, they form a partition of Ij; and for k > 3, the set Ej
consists of 2 Hf:_; (p; — 2) double arithmetic progressions with a common difference Ty,
they form a partition of Ey. Precisely, if k > 2,

[T, p;—2)
I, = U [ail, (1)
i=1
where
a; = (g, +2) € Iy_1, pr < oy <, and (ay, ) = 1, (o +2,m) = 1,
and

k
[a;] = {(ai,; +2) + (¢ —1) : g€ N}, for1 <i < H(pj—Q),

j=2

are disjoint.

If k>3,



where
a; = (i, 05 +2) € Iy_q, pr—1 < a; < 7, and p(ay) = p or p(a; +2) = py,
and

[a;] = {(as,; +2) + (¢ — 1) : g € N}, f0r1§i§21:[(pj—2),

j=2
are disjoint.
Proof. Use the induction on k > 2 for (1) and k > 3 for (2).
When £ = 2,
H?:Q(Pj_Q) H?:Q(Pj_Q) (3—2)
U [ai] = U [ai] = U [ai] = lad],
i=1 i=1 i=1
where

a; = (g, +2) € I, po < oy <, and (o, mo) =1, (a; + 2,m9) = 1,
and
2
la;] = {(au,; +2) +ma(q—1): g€ N}, for 1 <i < H(pj —2),
=2
are disjoint. That is, from 1 < ¢ < H§:2(3 —2), we have i = 1; and 3 < a7 < 6, and
(a,6) = 1, which implies ay = 5. Thus when k = 2,

K (pi—2) T5_s(pi—2) (3-2)

U fal= U lal= &l =[a]={67)+mlq-1):¢ge N} =L

i=1 =1 i=1

Hence the equality (1) holds when k = 2.
Let us look at the equality (2) when & = 3.

211525 (0 —2) 211525 (pj—2) 2(p2—2) 2
U = U M= U lal=al =[],
i=1 i=1 i=1 i=1

and

3-1
la;] = {(qi,; +2) + m3(q—1): g€ N}, for 1 <i < 2H(pj —2),
=2

are disjoint; where a;, 1 <1 < 2 must be satisfied that a; = (a;,; +2) € Iy, 3 = py <
a; < 73 =30 and p(c;) = p3 = 5 or p(a; + 2) = p3 = 5. Look at the content of I, a; can
only be 5, and 23. Hence

211525 (p—2)

U [al=1[5.7U[(23,25)] = E;.

i=1



Hence the equality (2) holds when & = 3.

Suppose that equality (1) holds for & > 2 and equality (2) holds for k£ > 3. We claim
that the equality (1) and (2) hold for & + 1.

Notice that the general term of i** equivalent class of I}, is

la;] = {(a,; +2) + (¢ — 1) : ¢ € N},

where
(i, +2) € Iy, pp <y < g, and (o, 1) = 1, (o +2,m) = 1.
Let
5t:&i+ﬂ'k<t—1)7 t:1727 y Pk+1-
By Lemma 1,
Pe+1
[ai] = | [,
t=1

where [b;] = {(B, Bt +2) + mer1(¢ — 1) : ¢ € N}, 1 <t < pgyy are disjoint. That
means each double arithmetic progression [a;] with the common difference 7 in I can
be split into piy1 double arithmetic progressions with the common difference 7, 1. Since
(Prt1, ) = 1, by Lemma 2, there exists a unique term f3; in {31,---, 3, }, such that
Pra1 | B and pryq f Bi, if t # 4 and 1 < ¢ < pgyq. Similarly, there exists a unique term
B; +2in {B1 + 2, -+, By, + 2}, such that pyyq | B; +2 and pryy [ B+ 2 if t # j and
1<t < prgr.

Since (8;, Bi+2) € Iy, (Bi, ) = (Bi+2,m) = 1, adding pg+1 | 5i, so (Bi, Bi+2) € Egi1.
Similarly, (5;, 8; +2) € Ej41.

If t # 4,7, then ppy1 f Bi, and pry1 ) Br + 2, are both true, hence (B, mpy1) =
(By + 2,741) = 1. Hence (B, By +2) € Iiyq for all t # 4,7 and 1 <t < pryq.

Thus, each double arithmetic progression [a;] C I} can split into py,1 double arithmetic
progressions [b;] , 1 <t < pgi1, with common difference 741, among them there are two
progressions belong to Fjy.1 and pgy1 — 2 progressions belong to I;1. By the inductive
hypothesis, there are Hf:z (p; — 2) progressions of [a;] in I}, hence Iy consists of (pgy1 —
2) Hf:2(pi —2) = Hf;l (p; —2) double arithmetic progressions with the common difference
741 Hence the equality (1) holds for all k£ > 2. At the same time, we know Ej, 1 consists
of 2 Hf:Q(pi — 2) double arithmetic progressions with the common difference 7y ;. By the
induction, the equality (2) holds for any k£ > 3. 0

Here we review some concepts and notations as follows:

Definition 3 Let A be a subset of Iy. Denote A{n} := {(a,a+2) € A: 1 < a <n}.
A{n} is called the cutout of A by n.

Definition 4 Define A(n) be the counting function of the set A:
A(n) = |A{n}| = {a: (a,a+2) € A{n}}],

where |A| is the cardinality of the set A.



Thus, we have

Theorem 6 Suppose k > 3, then the values of the counting functions Ip(n), Ix_1(n)
and Ex(n) at n = 7, are respectively

(1) In(m) = [Trs(pi — 2),
(2) Ei(m) =2 15 (i — 2),
(3) In—1(me) = pe [11ms (pi — 2).

Proof. Formulas (1), (2) follow Theorem 5 immediately. For (3), we have,

Iy (me) = (I U Ey)(mg) ((2) of Theorem 2)

= Ix(mp) + Ex(my) ((3) of Theorem 2)

— 1_[(10Z —2)42 H(p’ —2) (Formulas (1) and (2))

= (-2 + 2 [[n -2 = [ [~ 2)

4. About the sequence of {t;}
Theorem 7 Forall k€ N, I, # ¢.

Proof. When k = 1,2 we know [}, # ¢ is true. From equation (1) of Theorem 6 we know
that when k > 3, Ij(m) = Hfzz(pi —2)>3>0. Thus, It{m.} # ¢, adding I} {7} C I},
which implies I # ¢ for all k£ > 3. 0

Because Iy and N are isomorphic, by the Minimum Principle (see [2, p.3]), a nonempty
subset of integers contains its minimal element, hence min [} exists and min I}, € I for
all £ € N base on Theorem 7. Denote t; = (3,5) and t; = min I, k > 2. Then

I; D Iy = minly <minlpy = t <ty for k>2.
Thus, we have an infinite nondecreasing sequence of pairs of the type t;, = (my, my + 2):
{tk}Zil-
For more understanding on the structure of I, we have the following theorem.

Theorem 8 If I{p;_ , — 3} # &, then I {pi., — 3} consists of the pairs of twin-prime
only. In particular, min Iy{pz,, — 3} is a pair of twin-prime.

10



Proof. Suppose (a,a +2) € Ii{p;; — 3}, then o < p?,; — 3, and (o, m) = 1, (a +
2,m;) = 1. Suppose that « is composite, then it is divisible by a prime p such that

p < Vo < \/pii —3 < prsr, that is p < pg. It contradicts from (a,m;) = 1. Suppose

that o + 2 is composite. We assume that a +2 = pg, p < ¢, then p?> < pg = a +2 <
Pi—1 <pi = p<prs1, whichimplies p < py. It also contradicts from (a+2, 1) = 1.
Hence I;{p{., — 3} consists of pairs of twin-prime only. 0

Theorem 9  If I;{p{., — 3} # ¢, then t, = minly is a pair of twin-prime for all
ke N.

Proof. Ii{pi,, —3} C Iy = t, = minl; < minl{p;,, — 3}. Conversely, the set
Ii{pi 1 — 3} # ¢, so there is an element (8,6 + 2) € Li{pi,, — 3} C I, which implies
min [, < (3, 8+2) < (pj1 —3, P51 —1) = minly € Li{pi,, —3}, somin [;{pi,, —3} <
min [, = t;. Hence {, = min; = min Ik{pi+1 — 3} and it is a pair of twin-prime by
Theorem 8. 0

We attached Tables A and B at the end of this article. In Table A we can see the
elements in the set of I {p;,, — 3}, its counting number I;(pi,, — 3), and its minimum
element t, = minly, 4 < k < 60. We see that the sequence {t;}%2, is nondecreasing
at the last column in table A, but as the number increases we observe some consecutive
items of {t}72, are repeated. The different I; can have the same minimum element. For
example, t5 = tg; and tog = to; = oy = tog = toy = t95, etc. In Table B we list first
172 pairs of twin-prime and their distribution in I, 1 < k£ < 963. We introduce a new
concept for next discussion as follows.

Definition 5 Suppose that an infinite sequence {a,} is monotone. If there are positive
integers k, | such that ay # api1, Qpay # Qprger and a; = ager, b+ 1 < i < k+1, then
L={a;, k+1 < i <k+1} is called an equal chain of the sequence {a,}, and | = |L| is
called the length of the equal chain L.

Thus, from Table B we see that the sequence {t,}%2 is consisted only of equal chains,
whose lengths are not less than 2 (when & > 3). In Table B, we can see that a part
{t1.}2%,5, of the sequence {t}72, consists of 12 equal chains.

Theorem 10 Suppose {t;} consists of the pairs of twin-prime and L is an equal chain
in {tr}, then the length of L is finite.

Proof. Assume t,, = (p,p + 2) € L for some m € N. Since the p is a prime, there
is a unique integer n € N such that p, = p. By Theorem 4(2), the pair of twin-prime
(Pn, pnt+2) € E, and (pn, pp+2) &€ I,. Thus, t,, < t, for all t,,, € L. That is, max{m| t,, €
L} <n—1. Hence |L]| is finite number. 0

11



5. Pritchard’s algorithm for finding all twin-primes. (see [1, 4, 5])

The following important results help us to better understand the structures of I {m}
and Ek{ﬂ' k}

Theorem 11 Let Zy = {(5,7)}. Define
Xo={c+mlqg—1):q=1,2,--- ,p3and c € Zy},
YVs={(a,a+2) € Xy: pla) =p3or pla+2)=p3} and Z3 = Xy —Ys.
In general, for k > 2, define
Xe={c+m(qg—1):q=1,2, - ,ppy1 and c € Z;},
Yirr = {(a,a+2) € Xi: pla) = pey1 or pla+2) = prya} and Zypy = X — Yiqa
Then for each k > 2, we have
(1) Xy = Le{mira};

(2) Yi = Eppi{mia);
(3) Zkyr = Lea{mrra )

K K k1
(4) |Xel = peia [ [0 = 2), Vil = 2] [0 = 2) and | Ziya| = [ [ (0i - 2)-
i=2 i=2 i=2

Proof. Using the induction on k > 2. First of all, if £ = 2, then by the definitions of
X, Y3 and Z3 we have

X, = {(5,7), (11,13), (17, 19), (23, 25), (29, 31)},
Vs ={(5,7),(23,25)} and Z; = {(11,13), (17, 19), (29, 31)}
On the other hand, we know that
L{ms} = {(5,7), (11,13), (17, 19), (23, 25), (29, 31)},

Es{ms} ={(5,7),(23,25)} and I3{ms} = {(11,13),(17,19),(29,31)}.
It is clear that (1) — (3) hold for & = 2. Through a simple calculation we know (4) holds.
Suppose that (1) — (4) hold for k& > 2.
(1) By the definition we know that

Xpri={c+ (g —=1) 1 q=1,2, -+  Dpto, and ¢ € Zy41}.

If a € Xjy1, then there exist ¢ € Zy 41 and ¢, 1 < ¢ < pgao such that a = ¢+ m41(qg — 1).
Suppose that ¢ = (o, @ + 2), then @ = (o + mp11(¢ — 1), + 2 + 7 41(¢ — 1)). Notice that

12



¢ € Zyy1 = Ip1{mps1} implies a < 7y41, which implies o+ 741(¢—1) < g1 + Ty (g —
1) = gqmpy1 < Tpyo. Moreover, (¢, mpy1) = 1 implies (a, 7m,41) = 1, hence a € I {72}
That means

Xis1 C Depai {7}

On the other hand, from the construction of X}, and the inductive hypothesis of (4) we

know that
k+1

| Xkt1] = Prto H(pz —2).

1=2

By Theorem 6(3),
k+1

Tisa(Tesa) = prsa [ [ (i — 2).

=2
Hence Xk-+1 = [k+1{7Tk+2}.

(2) From the definition of Yy o, (0, 4+ 2) € Yiio = (a,a+2) € Xyyq = L1 {mpi2}
and p(a) = pri2 or p(a+ 2) = piyo, that means (a, a + 2) € Eyyo{mr12}. Hence

Yk+2 C Ek+2{7Tk+2}-

On the other hand, from the construction of Yy, and the inductive hypothesis of (4), we

have
k+1

Yito| = QH(Pi —2).
=2

Also by Theorem 6(2),
k+1

Epya(mir2) =2 [ (0 — 2).

=2
Hence Yk-+2 = Ek+2{ﬂ'k+2}.

(3) From the definition of Zy, 5 = Xg11 — Yiio and Yiio € Xy yq, we have
Zyvo = Xpy1 — Yo = eyt {mhi2} — Epro{meia}
= (Ihy1 — Er2){mes2} = Teva{mesa}

(4) In the proofs of (1) and (2), we already proved that

k+1 k+1
| Xit1] = it H(Pz —2) and |Yiyo| =2 H(pz —2).
i=2 1=2

For the last one, Theorem 6(1) implies

k+2
| Zisa| = Iya(mes) = [ [(mi = 2).
=2
By the induction, (1) — (4) hold for all £ > 2. 0

13



Theorem 12 Let T presents the set of all pairs of twin-prime in Iy. Suppose l'k{pile —
2} # ¢ for all k > 3.
(1) If m. <n < mpy1, for some k > 2, then

T{n} C {ti,t2, -+ ,tpe—1} U L{n},

where t, = min I, k > 1.
(2) If pp —2 < n < piey — 2, Pr,Prs1 € P for some k > 2, then

T{n} = {t1,-  tr_1} UL {n},

Proof. (1) It’s clear.

(2) If (a,a+2) € L{n}, then & < n, and (o, 7m;) = 1, (a« +2,m) = 1. If a or
a + 2 is composite, then they are divisible by a prime p such that p < pr, < /1 < pe1,
it contradicts from (a,7m;) = 1, (o + 2,m) = 1. Hence I {n} consists of the pairs of
twin-prime only. That is

T{n} = {tl, cee ,tkfl} U [k{n}

Theorem 11 and 12 show an important fact: For any k& > 2 the set

{ti, -+ s ter } U Xp{ i }

covers all pairs of twin-prime in the set Io{mx;1}. Base on Theorem 11 and 12, we created
the Pritchard’s algorithm for finding all pairs of twin-prime as follows.

Pritchard’s Algorithm Suppose n > 7, let P = {p;} be the set of all primes, in which
p1 =2, po = 3,p; <pj,if i < j. Denote m = Hlepi, and t; = (3,5). Let Zy = {(5,7)}.
and

Xo={c+mlq—1):¢q=1,2,--- ,p3, and c € Zp},

Vs = {(a,a+2) € Xy : p(a) = p3 or p(a + 2) = ps}

where p(«) represents the smallest prime factor of «. Let
tgzmin XQ and ZgZXQ—Y:Q,
In general, for k£ > 2, define
Xk+1 = {C+ 7Tk’+1(q - 1) g = ]-727 s, D42, and c € Zk+1}7

Yive = {(a,a +2) € Xpy1: p(a) = pryo or pla +2) = prya}
thrr =min Xpyy and Zpyo = Xppr — Yigo.

If 7. <n < mqq for some r € N, let T,{n} = Z,{n}. Define
Hi{n} ={(a,a+2) € Ti{n} :pla) =pror pla+2) =pp}, k>

14



If Ti{nH{pisr — 2} # ¢, let
Tii1{n} = Ti{n} — Hr1{n}, k>r, and 51 = min T {n}.
Stop the process at some s where p> —2 <n < p§+1 — 2. Let

T{n} = {t1, -t} UTsi{n},

where the index of t4 is the same with the index of pg, then T{n} is the set of all pairs of
twin-prime in Ip{n}.

6. An inequality

Lemma 3 For each k > 10, there is unique s € N, s > 4, such that pri1 < 75 <
pi+1 — 3 < Tsq1-

Proof. Let’s look at an example for the existence of such k,s. For k£ = 10, we know
p11 = 31, so pfl —3=1312—-3=958. my = 210 and 75 = 2310. We see that

2
pu <My < pip —3 <7

and s = 4. We also see s = 4 is unique for £ = 10. Now, we begin the proof.

Let k > 10 be fixed and S = {i|m; > pi,, — 3}. First, S # ¢, since lim;_,o, m; = 00.
By the Minimum Principle (]2, p.3]), min .S € S. Denote s + 1 = min S. The uniqueness
of the minimum element min .S implies the uniqueness of s for the k. It’s clear that
Ts41 > Dpyq — 3 > mg > p2,4, the last part of this inequality is from the Bonse’s inequality
(see [6, p.87]): n >4 = m, > p2 ;. Thus, pp+1 > pst1. Hence

_— Tstl o p%—&-l -3 S (Prt1 + 2)(Prg1 — 2)

= = > Prt1+ 2> pryar-
Ps+1 Ps+1 Ps+1

O

Notice We can verify immediately that the inequality in Lemma 3 is true when
k=4,56, s=3and k=17,8,9, s =4 respectively.

Lemma 4 If k, s satisfy the inequality pyi1 < ms < piyq — 3 < mey1 in Lemma 3, then

lim s = 0.
k—o0

Proof. From the inequality py1 < 7, < pi.; — 3 < w11, we have

k— 00 = pry1 - 00 = 7y =00 == S5 — 00.
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7. The average function Av(k, s)

Definition 6 Suppose a subset A C Ip{m}, 0 < s < k. Define A; = AN|[(i—1)7ms,ims), 1 <
i < Hf:s—H pi, then

k
i=s+1 Pi

A= |J 4
i=1

is called the s-decomposition of A. Each A; is called the i™" s-component of A.

For example, let A = Is{m5}. We see that the 4-decomposition of Is{ms} has eleven
4-components, and the 3-decomposition of I5{75} has seventy seven 3-components, since
w5 = 1lmy = T7ms.

From Table B we can easily build Table C, in which the numbers at the column I (7;)
are the values of the counting function Iy () of the sets [ {m;} for 4 <k <1748 and 3 <
s <9 and k, s satisfy the inequality in Lemma 3. The numbers in the column of Av(k, s)
are the average numbers of the elements in total s-components of the s-decomposition of
I {m}. For example, my5 = Hllig) pi-m4, which implies that the 4-decomposition of I;5{m5}
has [];2, pi 4-components. Using the formula I;(m;) = [T, (pi — 2) in Theorem 6, the
average number of elements in total 4-components of the 4-decomposition of I 5{m5} is

I15(m15) _ Hig(ﬁz —2)
15 - 15
H,’:g, Di Hi:S Di

In general, the “average number” is defined as follows:

~ 5.35

Definition 7 The average number of s-components in s-decomposition of Ix{m} is de-

fined by
k
© (i — 2
Av(k,s) = %
i=s+1Pi

The average function Av(k,s) has the following property:

Lemma 5 For any positive integers k, s with k > s

(1) Av(k +1,5) = Av(k, 5) (1— 2 );

Pk+1

(2) Av(k+1,5+1) = Av(k,s) (1 —

P Ps41-

Proof.

(1) Av(k+1,s) = M = Av(k, s) - Prri =2 Av(k, s) (1 — i) .

k+1

(2)  Av(k+1,s+1) =

[1i2; (i — 2) _ [Tiss(Pi = 2)(Pres = 2) = Av(k, s) (1 - ) Ps+1-

k+1 . k .. Pk+1
Hi:s+2 i Hi:s—l-l Di - Pst1 Pr+1
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Define
ks = min{k|pri1 < Ts < Ppyq — 3 < Tey1}

and
Ky = max{k|pg1 < 5 < p%H —3 < M1}

It’s clear that K+ 1 = kg1 and Ky > ks > s.
Denote: I, = K, — k,.

By Lemma 5(1), the sequence {Av(k,s)} is decreasing on k when s is fixed. More
precisely,

Corollary 1 Suppose that k, s satisfy pry1 < ms < Pjq — 3 < Tes1, then

Av(ky +1,8) = Av(ks, s) (1— 2 )

Pks+1

and in general

2
Av(ks—i—l,s):Av(ks,s)H(l— >, 1 <1<l
i1 Pko+i

Proof. Following Lemma 5(1) immediately. 0

Corollary 1 offered a formula, which shows how to count the values of Av(ks + [, )
base on the value of Av(ks,s) for all 1 <[ <[ when s is fixed.

Corollary 2 Suppose that k, s are satisfied pyi1 < 75 < ppyq — 3 < wepr. Then

ls+1
2
Av(Kgyq,s + 1) = Av(Ks, 8) - psia H (1 — >

i=0 pks+1 +1

where lgp1 = Koy — sy

Proof.
AU(KS+17 S+ 1) = AU(k‘S+1 + ls—i—l: s + 1)
ls+1 2
= Av(ksi1,5+1) H (1 — ) (Corollary 1)
i=1 pk.9+1+’i
2 = 2
= Av(K,s)|1— )~p5 . (1— ) Lemma 5(2
(Ks) (1= 22 ) e M -50) o )
ls+1 9
= Av(K,,S)  Psi1- (1— )
( ) i ];IO pks+l+i
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Corollary 3 Suppose that integers k, s satisfy the inequality pry1 < s < pﬁH—B < Teqq,
then for all s > 3,
Av(K,s) > 0.

Proof. From table C, we have Av(K3,3) = 1.75325 > 0. The conclusions follow the
induction and the formula in Corollary 2. 0

Corollary 4 Suppose that integers k, s satisfied the inequality pr 1 < ws < piﬂ —-3<
Tsr1. Then
. Av(kgi1,s+ 1)
lim

= 1.
s—oo Av(K, $)Pst1

Proof. Notice K, + 1 = kg1 and from Lemma 5(2) we have

2
Av(kgyr, s+ 1) = Av(Ks+ 1,s+ 1) = Av(Ky, s) (1 - ) Dst1-
Pkoiq

Corollary 3 ensures Av(Kj,s) > 0 for all integer s. Hence

lim Av(ksyr, s+ 1)

= 1.
s—oo Av(K, $)Pst1

O

Corollary 5 Suppose that k, s satisfy the inequality pyp1 < 75 < pjq — 3 < Tep1, then
the sequence
Ky
{{A/U(kvs)}kgks s=3
diverges to infinity when k — oo.

Proof. Corollary 3 shows Av(Kj,s) > 0. In fact we see min Av(K,, s) > 1.75325 in table
C. Thus, Av(ksi1,s + 1) ~ Av(Ky, s)psy1 in Corollary 4 ensures that the subsequence
{Av(ks, 5)}225 of {{Av(k,s)}y. 213 diverges to co. Finally

{Av(k, )}z, b

diverges to infinity. O

8. The counting function [ (7,) of the set I{r,}

Lemma 6 Suppose that k, s are satisfied pry1 < 75 < piy — 3 < meq and Li{ms} # ¢.
Then sequence {I(ms)} is non-increasing on k when s is fized. Also sequence {Ij(ms)}
decreases not more than one when k increases one and s is fired :

Ii(ms) = 1 < Iy (mg) < Ii(ms).
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Proof. First, I;1{ms} C I){ms}, since ;41 C I by Theorem 1. Hence I 1 (ms) < Ix(ms).
On the other hand, 7, < pj_, —3 implies Iy {7} C I {pj., —3}. Thus, I{r,} # ¢ implies
Ii{pi,1 — 3} # ¢. Hence I;{m,} consists only of twin-primes by Theorem 8. Thus, I;{7,}
may lose one element in the only case if tx, = (prr1, Prs1 +2), since (Prr1, Prs1 +2) € Epi
and (pr41, Pry1 + 2) € Ixy1 by Theorem 4(2). Hence

[k(ﬂ—s) —1 S Ik+l<7rs)

Denote the maximal decreasing amplitude of I (7,) for the fixed s to be:
s = Iy, (ms) — i, (70s)-

Corollary 6  Suppose that k,s satisfy ppr1 < T < ppyq — 3 < Tey1 and Iy {7} # ¢,
then cs + 1 is the number of equal chains of I{ms} in the interval [ks, K.

Proof. Follows Lemma 6. 0

For example, from Table C, we have
Cy; — Ik5(7T5) — [K5(7T5) = 115(7T5) — 139(7T5) =064 — 58 = 6.

and
Cg — [kﬁ(ﬂ-()‘) — [K6(776) = [40(7‘-6) — 1126(77'6) = 456 — 438 = 18.

Base on table C, we observe that there are exactly 7(=cs+1) equal chains of I39{75} in
the interval [ks, K5]=[15,39] and exact 19(=cg+1) equal chains of [126{7s} in the interval
[k, Ks]=[40,126] respectively.

In general, we have ¢, < %(K s — ks) + 1, since the length of shortest equal chain is 2.

Corollary 7 Suppose that k, s satisfy pry1 < ms < ppq —3 < meyq and Li{ms} # ¢. Then

the sequence
{{Is (WS) }kK:sks s=3

1s the upper bound of the sequence {{Ik(ws) kK;kS}Z3. Moreover, it diverges and its limit

18 the same with
lim [(7s) = oc.

S§—00

Proof. By Lemma 6 and the following inequality,
]s(ﬂ-s) Z Ik(ﬂ-s)

where ky < k < K. It diverges to infinity is clear since

lim I(7,) = slgglo H(pl —2) =o0.

$—00
=2
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Corollary 7 shows the upper bound sequence {{,(m,)}5s, Zozg of the sequence

{T(mo) e o,

diverges to infinity, and in Table C, we see the sequence {{Ik(ﬂs)}f;ks}:; also seems

trending to infinity. If we can find a positive lower bound sequence of {{J k(ﬂs)}kK;kS }oo

s=3"
for example {{ps}kK;ks }Zi ,» Which diverges to infinity, or prove [y {7} # ¢ for all k, < k <
K,, s > 3, then Theorem 13 would be true immediately. But these stronger conditions
require more work. Fortunately, the following weaker result (Lemma 7) is sufficient to

help us complete the remarkable inductive proof of the infinitude of twin-primes.

Lemma 7 Suppose integers k, s satisfy the inequalities pry1 < ms < p%H —3 < 7mey1, then
In(ms) > 2, if [{ms} # ¢ when k, s are large enough and where ks < k < K,, s> 3.

Proof. Av(k, s) is the average number of all s-components in s-decomposition of I} {m}
and Ij(7s) is the number of the first s-component of the s-decomposition of I {m}. Base
on the general view of the approximation theory, we can naturally estimate the number
of Iy(ms) by the average number Av(k,s), if the set Ix{m,} is not empty. Hence

Ix(ms) ~ Av(k, s)
if Ix{ms} # ¢. Corollary 5 shows that the sequence

{{Av(kv 5)}5:31@, :ig

diverges to infinity. Hence Iy(ms) > 2, if I {ms} # ¢ when k, s are big enough. 0O

From Table C| in fact, the conclusion of Lemma 7 was true for all k, s with ks < k£ <
K, s > 3 and k, s satisfy the inequality in Lemma 3.

9. The true statement of [,{p; , —3} # ¢ for all k e N

Lemma 8 If Ii{p;,,—3} # ¢, and t, = min Iy, then Ii{pi,,—3}—{te} C Lisi{piis—

3.

Proof. Suppose Ii{p;,, — 3} — {tx} # ¢ and (o, + 2) € Li{pi,, — 3} — {tx}, then
(v, +2) is a pair of twin-prime by Theorem 8; & > py41 by Theorem 4(1); (o, a+2) € I},
implies (o, m) = (o + 2, 1) = 1, adding a > pry1 imply (o, mpp1) = (@ + 2, m41) = 1,
s0 (,ao+2) € Iiy1. o < pp oy — 3 < piio — 3 implies (o, a + 2) € Iry1{pi,, — 3}. Hence
Li{pisr — 3% — {t} € Lera{piy — 3} O

Lemma 9 If ,{p; ., — 3} # ¢, and t, = minly = (pn,pp +2), n > k + 1, then
Ik{pi-i-l -3} C ]k+1{p%+2 — 3}
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Proof. I{pi,, — 3} # ¢ makes (pn,pn +2) = minly, € Li{p; , — 3}, 80 (Pn,pn + 2) is
a pair of twin-prime by Theorem 8. n > k + 1 implies (p,, mx11) = (Pn + 2, Tp11) = 1, s0
(P Pn +2) € Iipa{piyr — 3} C Iipa{pio — 3} Thus, from Lemma 8

Ledpiy — 3} = (Ldpiyy — 3} — {te}) U {(Pn> o0 + 2)} C Tipa{pi o — 3}

Theorem 13 I, {pi., — 3} # ¢, for all k € N.

Proof. From Table C, we see that Iy{pz,, — 3} # ¢ is true for 1 < k < 1749, since

1, (szrl —3) > I(ms), where k and s satisfy the inequalities pyi1 < 75 < piﬂ —3 < ey
Suppose I {pi,, — 3} # ¢ is true for a big enough integer where k with s satisfy the

inequalities pyy1 < Ty < piyq — 3 < mep1, we claim that [ry{p; , — 3} # ¢ is also true.
(1) Suppose that min Iy = (p,,p, +2) and n > k + 1. By Lemma 9, I;{p., — 3} C

Lisr{Piso — 3} Thus, Li{pj,, — 3} # ¢ implies Ty {pj o — 3} # ¢.

(2) Suppose that min I, = (px41, Pr+1 + 2). Then there is a unique integer s such that
k and s satisfy the inequalities pp1 < ms < Pi+1 — 3 < mgy1. Thus, (pri1,prs1 +2) €
Ii{ms}, since prr1 < w5 Hence I {ms} # ¢. By Lemma 7, I(ms) > 2. By Lemma 8 and
Ts < Pryq — 3 we have

Liii(Prsz —3) = (P —3) — 12 Iy(m) —1>2—1=1

That means Ij41{pi,, — 3} # ¢. By the induction, we know that [, {p; ., — 3} # ¢, for

Corollary 8 t, = min I is a pair of twin-prime for all k € N.

Proof. Combining Theorem 9 and Theorem 13 we at once reach this conclusion. 0O

10. Three proofs for the infinitude of twin-primes
We offer three proofs for the infinitude of twin-primes as follows.
Theorem 14 There is an infinite number of twin-primes.

Proof 1. Combining Theorem 10 and Corollary 8 we can immediately conclude that
the sequence {t;}72, contains an infinite number of twin-primes.

Proof 2. (Euclid’s Proof)

(1) Let W ={k € N| (prs1,pr+1+2) € Ix}. If K € W then (pgy1, pry1+2) € Ix, hence
(Pka1,Prs1 + 2) is a pair of twin-prime. We claim that 1/ is an infinite set.

First, 2 € W implies W # ¢. Suppose that W is finite. let kK = maxgew k + 1, then
r < oo. Notice that [, {p2,, — 3} # ¢ by Theorem 13.
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Suppose (a,a +2) € I.{p2,, — 3}. By Theorem 8, (o, @ + 2) is a pair of twin-prime,
hence there is a unique n € N such that p,11 € P, and (pp11, Pni1+2) = (o, a+2), which
is an element of twin-primes in I,. (pni1,7x) = (Puy1 + 2,7) = 1 implies n + 1 > k.
Thus, n > maxgew k, which implies n € W. On the other hand, (p,y1, pne1 + 2) is a pair
of twin-prime implies (ppy1, Pni1 +2) € I, by Theorem 4(1), thus, n € W. Contradiction!
Hence W is an infinite set.

(2) Let T = {(pry1,0r41 + 2)|k € W}. Then W # ¢ implies T" # ¢. Suppose that

ki,ky € W, and ky # ks then pr, 41 # Prot1, and (Dry 41, Pyt + 2) # (Phot1, Photr + 2).
Thus, W is infinite set implies 7" is infinite set. Hence there is an infinite number of
twin-primes. O
Proof 3. (Pritchard’s proof)

In Theorem 11, we obtain

k+1
| Z41| = H(pz —2) >0,

=2

which means the wheel sieve can be running forever. Let ¢, = min X;. We have an infinite
sequence {t;}. Corollary 8 shows each element of {¢;}¢2, is a pair of twin-prime. From
Theorem 10, we know {#;}72, contains an infinite number of twin-primes. 0O

11. The Polignac Conjecture
Finally, we introduce the Polignac’s Conjecture. Let

T.={pa)|p—q=2n, pgeP} necN.
For examples,
Ty ={(3,5),(5,7),(11,13), (17,19), (29, 31), (41,43), - - - },
T, ={(3,7),(7,11),(13,17), (19, 23), (37,41), (43,47),- - - },
T5 ={(5,11),(7,13),(11,17),(13,19), (17,23), (23,29), - - - },

and so on.

In 1849, Polignac in his article (see [3]) conjectured that T,, is an infinite set for all
natural number n. We see that the Twin-Prime Conjecture is a special case of the Polignac
Conjecture when n = 1.

12. Conclusion

Finally here are the contributions of this article to number theory in mathematics:

1. It presented a sieve for the set of all twin-primes by using the smallest prime factor
criterion;
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4.

. It exhibited the distribution of twin-primes in the integer set NV in Tables A, B, and

C for the first time;

It defined an algorithm for finding all twin-primes without requiring extra verifica-
tion;

It completely solved the problem of Twin-Prime Conjecture.

Acknowledgements

Many thanks to the referees for their very helpful suggestions.

Many thanks to Louis Feng, who did all computations in this article;

Many thanks to Wei-Ming Zhang and Qingzhu Lu, who read this article and gave
valuable suggestions.

References

[1]

B. Q. Feng, L. Feng and D. N. Zhao, A new view of the natural number set N. JP Journal
of Algebra, Number Theory and Applications, Vol.18, No.2, 2010, pp145-164. MR2778280
(2012a:11147)

M. B. Nathanson, Elementary Method in Number Theory, Springer-Verlag, GTM (195),
2000. MR1732941

A. de Polignac, Six propositions arithmologiques déduites du crible d’Erathosthéne. Nouw.
Ann. de Math. 8(1849), pp423-429.

P. A. Pritchard, A sublinear additive sieve for finding prime numbers. Communications of
the ACM 24(1)(1981) 18-23. MR0600730, 10A25(68C25)

P. A. Pritchard, Explaining the wheel sieve, Acta Informat. 17 (1982) 477-485.
MRO0685983, 10A25(10H32)

J. V. Uspensky, Elementary Number Theory. New York and London McGraw Hill, book
company inc 1939. MR0000236

23



Table A

k[ pe [ph, -3 I {vp., —3} (P —3) [ tx =minl}
i 7 118 {(11,13),(17,19), - - ,(107,100)} S (11,13)
5 | 11 166 {(17,19),(29,31), . (149,151)] 9 (17,19)
6 | 13 286 ((17,19),(29,31),---, (281,283)} 16 (17,19)
Y 358 1(29,31),(41,43), ---, (347,349)] 17 (29,31)
s | 19 526 {(29,31),(41,43), -, (521,523)} 21 (29,31)
9 | 23 838 {(29,31),(41,43), -, (827,329)} 29 (29,31)
10 29 958 ((41,43),(59,61), -, (331,883)} 30 (41,43)
11 | 31 1366 1(41,43),(59,61),- - -, (1319,1321)} a1 (41,43)
12 37 | 1678 {(41,43),(59,61),---, (1667,1669)} 18 (41,43)
13 41 1846 ((59,61),(71,73),---, (1787,1789)} 50 (59,61)
14 | 43 2206 1(59,61),(71,73), - -, (2141,2143)] 61 (59,61)
15| 47 | 2806 {(59,61),(71,73), -, (2801,2803)} 74 (59,61)
6 | 53 3478 ((59,61),(71,73), -, (3467,3469) 87 (59,61)
7 | 59 3718 [(71,73),(101,103),---, (3671,3673)} o1 (71,73)
18] 61 | 448 {(71,73),(101,103), - -, (4481,4483)} 110 (71,73)
19| 67 | 5038 {(71,73),(101,103), -, (5021,5023)} 121 (71,73)
20 | 71 5326 1(101,103),(107,109), - -, (5279,5281)] 123 (101,103)
21 [ 73 | 6238 {(101,103),(107,109),--, (6197,6199)] 138 (101,103)
22 [ 79 | 6886 {(101,103),(107,109),--, (6869,6871)] 152 (101,103)
23| 83 | 7918 {(101,103),(107,109),--, (7877,7879)] 166 (101,103)
24| 80 | 9406 {(101,103),(107,109),--, (9341,0343)] 187 (101,103)
25 [ 97 [ 10195 | {(10L103).(107.109). - (1013910141} 202 (101,103)
26 | 101 10606 {(107,109),(137,139), - - -, (10529,10531)} 208 (107,109)
27 108 [ 11446 | {(107,109),(137,139), -, (I1351,11353)} 218 (107,109)
38 | 107 | 11878 | {(137,139),(149,151), ---, (11831,11833)} 223 (137,139)
29 | 109 | 12766 {(137,139),(149,151), ,(12611,12613)} 231 (137,139)
30 | 113 | 16126 | {(137,139),(149,151), ---, (16067,16069)} 276 (137,139)
31 | 127 | 17158 | {(137,139),(149,151), ---, (17027,17029)} 288 (137,139)
32 | 131 18766 {(137,139),(149,151), - - -, (18539,18541) } 315 (137,139)
33 | 137 | 19318 {(149,151),(179,181), ) (19211 10213)} 320 (149,151)
34 139 22198 {(149 151) (179 181) R (22157 22159)} 365 (149 151)
35 | 149 | 22798 | {(179,181),(191,193), ---, (22739,22741)} 374 (179,181)
36 151 24646 {(179 181),(191,193), -- -, (24419 24421)} 394 (179 181)
37 | 157 | 26566 | {(179,181),(191,193), -, (26261,26263)} a1l (179,181)
38 | 163 | 27886 | {(179,181),(191,193), --, (27791,27793)} ED) (179,181)
30 | 167 | 29926 | {(179,181),(191,193), --, (20879,29881)} 55 (179,181)
10 | 173 | 32038 | {(179,181), (191,193), . (32027,32029) 1 480 (179,181)
AT | 179 | 32758 | {(191,193),(197,199), ---, (32717,32719)} 192 (191,193)
42 [ 181 | 36478 | {(191,193),(197,199), ---, (36467,36460)} 541 (191,193)
131191 [ 97246 [ {(197,199).(227,229). -, (37199.37201)} 547 (197,199)
44 [ 193 | 38806 | {(197,199),(227,229), ---, (38747,38749)} 567 (197,199)
45 [ 197 | 39508 | {(227,229),(239,241), ---, (39509,39511)} 574 (227,229)
46 199 44518 {(227 229),(239,241), - - -, (44381 44383)} 626 (227 229)
47 | 211 | 49726 | {(227,229),(239,241), -, (49667,49669)} 685 (227,229)
I8 [ 223 | 51526 | {(227,229),(239,241), ---, (51479,51481)} 708 (227,229)
10 [ 227 | 52438 | {(239,241),(269,271), --, (52361,52363)] 716 (239,241)
50 | 229 | 54286 | {(239,241),(269, 271), ,(54011,54013) 732 (239,241)
51| 233 | 57118 | {(239,241),(269,271), -, (56921,56923)} 764 (239,241)
52 [ 239 | 58078 | {(269,271),(281,283), ---, (57899,57901)} ) (269,271)
53 | 241 62998 {(269,271), (281,283), , (62987,62989) } 818 (269,271)
54 | 251 66046 {(269,271),(281,283), - - -, (656981,65983) } 851 (269,271)
55 | 257 69166 {(269,271),(281,283), -- -, (69149,69151) } 878 (269,271)
56 | 263 | 72358 | {(269,271),(281,283), ---, (72269,72271)} 921 (269,271)
57 | 269 73438 {(281,283),(311,313), - - -, (73361 73363)} 927 (281,283)
58 | 271 | 76726 | {(281,283),(311,313), ---, (76649,76651)} 957 (281,283)
50 | 277 | 78958 | {(281,283),(311,313), ---, (78887,788%9)] 977 (281,283)
60 | 281 | 80086 | {(311,313),(347,349), -, (79997,79999)} 988 (311,313)
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Table B

k tr = min I} k tr = min I} k tr = min I k tr = min Iy

1 (3,5) 206-208 | (1289,1291) 460-462 | (3299,3301) 681-694 | (5231,5233)

2 (5,7) 209-211 | (1301,1303) 463-468 | (3329,3331) 695-699 | (5279,5281)
3-4 (11,13) 212-214 | (1319,1321) 469-472 | (3359,3361) 700-714 | (5417,5419)
5-6 (17,19) 215-224 | (1427,1429) 473-474 | (3371,3373) 715-718 | (5441,5443)
7-9 (29,31) 225-229 | (1451,1453) 475-476 | (3389,3391) 719-722 | (5477,5479)
10-12 (41,43) 230-233 | (1481,1483) 477-483 | (3461,3463) 723-725 | (5501,5503)
13-16 (59,61) 234-235 | (1487,1489) 484-485 | (3467,3469) 726-728 | (5519,5521)
17-19 (71,73) 236-252 | (1607,1609) 486-491 | (3527,3529) 729-739 | (5639,5641)
20-25 (101,103) 253-255 | (1619,1621) 492-494 | (3539,3541) 740-742 | (5651,5653)
26-27 (107,109) 256-261 | (1667,1669) 495-497 | (3557,3559) 743-744 | (5657,5659)
28-32 (137,139) 262-264 | (1697,1699) 498-500 | (3581,3583) 745-754 | (5741,5743)
33-34 (149,151) 265-267 | (1721,1723) 501-511 | (3671,3673) 755-767 | (5849,5851)
35-40 (179,181) 268-276 | (1787,1789) 512-523 | (3767,3769) 768-771 | (5867,5869)
41-42 (191,193) 277-285 | (1871,1873) 524-529 | (3821,3823) 772-773 | (5879,5881)
43-44 (197,199) 286-287 | (1877,1879) 530-533 | (3851,3853) 774-793 | (6089,6091)
45-48 (227,229) 288-293 | (1931,1933) 534-541 | (3917,3919) 794-798 | (6231,6133)
49-51 (239,241) 294-295 | (1949,1951) 542-544 | (3929,3931) 799-804 | (6197,6199)
52-56 (269,271) 296-301 | (1997,1999) 545-550 | (4001,4003) 805-814 | (6269,6271)
57-59 (281,283) 302-306 | (2027,2029) 551-554 | (4019,4021) 815-818 | (6299,6301)
60-63 (311,313) 307-312 | (2081,2083) 555-557 | (4049,4051) 819-827 | (6359,6361)
64-68 (347,349) 313-314 | (2087,2089) 558-562 | (4091,4093) 828-836 | (6449,6451)
69-80 (419,421) 315-317 | (2111,2113) 563-566 | (4127,4129) 837-845 | (6551,6553)
81-82 (431,433) 318-319 | (2129,2131) 567-571 | (4157,4159) 846-848 | (6569,6571)
83-88 (461,463) 320-322 | (2141,2143) 572-576 | (4217,4219) 849-857 | (6659,6661)
89-97 (521,523) 323-331 | (2237,2239) 577-578 | (4229,4231) 858-861 | (6689,6691)
98-103 (569,571) 332-335 | (2267,2269) 579-580 | (4241,4243) 862-863 | (6701,6703)
104-108 (599,601) 336-342 | (2309,2311) 581-583 | (4259.4261) 864-869 | (6761,6763)
109-112 (617,619) 343-345 | (2339,2341) 584-585 | (4271,4273) 870-871 | (6779,6781)
113-115 (641,643) 346-352 | (2381,2383) 586-591 | (4337,4339) 872-873 | (6791,6793)
116-119 (659,661) 353-372 | (2549,2551) 592-600 | (4421,4423) 874-877 | (6827,6829)
120-139 (809,811) 373-376 | (2591,2593) 601-607 | (4481,4483) 878-883 | (6869,6871)
140-141 (821,823) 377-383 | (2657,2659) 608-612 | (4517,4519) 884-890 | (6947,6949)
142-143 (827,829) 384-389 | (2687,2689) 613-615 | (4547,4549) 891-892 | (6959,6961)
144-147 (857,859) 390-394 | (2711,2713) 616-624 | (4637,4639) 893-912 | (7127,7129)
148-151 (881,883) 395-397 | (2729,2731) 625-627 | (4649,4651) 913-920 | (7211,7213)
152-170 | (1019,1021) 398-404 | (2789,2791) 628-635 | (4721,4723) 921-930 | (7307,7309)
171-172 | (1031,1033) 405-407 | (2801,2803) 636-642 | (4787,4789) 931-933 | (7331,7333)
173-175 | (1049,1051) 408-427 | (2969,2971) 643-645 | (4799,4801) 934-935 | (7349,7351)
176-177 | (1061,1063) 428-429 | (2999,3001) 646-657 | (4931,4933) 936-943 | (7457,7459)
178-181 | (1091,1093) 430-443 | (3119,3121) 658-663 | (4967,4969) 944-947 | (7487,7489)
182-189 | (1151,1153) 444-447 | (3167,3169) 664-670 | (5009,5011) 948-956 | (7547,7549)
190-200 | (1229,1231) 448-457 | (3251,3253) 671-672 | (5021,5023) 957-958 | (7559,7561)
201-205 | (1277,1279) 458-459 | (3257,3259) 673-680 | (5099,5101) 959-963 | (7589,7591)

In table B the notation that t; = (11,13) when k = 3 — 4 means t3 = t, = (11,13) and
that ¢, = (101,103) when k = 20 — 25 means tog = to; = - - - = to5 = (101, 103) etc.
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Table C

k | Pk+1 | S Ts piJrl —3 | Ip{ms} (where ppt1 < 7s < piJrl —3< 7ws41) | Ik(ms) | Av(k,s)
I | 11 | 3] 30 118 {(11,13),(17,19),(29,31)} 3 2.14236
5| 13 | 3| 30 166 {(17,19),(29,31)} 2 1.75325
6 | 17 | 4] 210 286 {(17,19),(29,31), - -, (197,199)} 12 | 10.3846
7 19 | 4] 210 358 {(20,31),(41,43), - .-, (197,100)} 11 9.1629

8 | 23 |4 210 526 {(29,31),(41,43), -- -, (197,199} 11 8.19838
9 | 29 |4 210 838 {(29,31),(41,43), ---, (197,199)} 11 7.48548
10| 31 |4 210 958 {(41,43),(59,61), -, (197,199)} 10 6.96924
11| 37 | 4| 210 1366 {(41,43),(59,61), -, (197,199)} 10 | 651961
12| 41 |4 | 210 1678 {(41,43),(59,61), - - -, (197,199)} 10 6.1672

13| 43 |4 210 1346 {(59,61),(71,73), -, (197,199)} 9 5.86636
14| 47 [ 4] 210 2206 {(59,61),(71,73), -, (197,199)} 9 5.59351
15| 53 |5 | 2310 2806 {(59,61),(71,73), -, (197,100} 64 | 58.9103
16 | 59 |5 | 2310 3478 1(59,61),(71,73), -, (2300,2311)} 64 | 56.6873
17 61 5 2310 3718 {(71,73),(101,103), - - -, (2309,2311)} 63 54.7657
18 | 67 | 5| 2310 | 44%6 {(71,73),(101,103), - .-, (2300,2311)} 63 52.9701
19| 71 |5 2310 5033 {(71,73),(101,103), - --, (2309,2311)} 63 51.3889
20 | 73 | 5| 2310 5326 {(101,103),(107,109), - -, (2309,2311)} 62 19.0413
21 | 79 | 5 | 2310 6238 {(101,103),(107,109), - --, (2309,2311)} 62 185731
22 | 83 |5 | 2310 6386 {(101,103),(107,109), ---, (2309,2311)} 62 17.3434
23 89 5 2310 7918 {(101,103),(107,109), -- -, (2309,2311)} 62 46.2026
24 97 5 2310 9406 {(101,103),(107,109), -- -, (2309,2311)} 62 45.1643
25 | 101 | 5 | 2310 | 10198 {(101,103),(107,109), - - -, (2309,2311)} 62 14.2331
26 103 5 2310 10606 {(107,109),(137,139), - --, (2309,2311)} 61 43.3572
27 | 107 | 5 | 2310 | 11446 {(107,109),(137,139), - -, (2309,2311)} 61 12.5153
28 | 109 | 5 | 2310 | 11878 {(137,139),(149,151), - -, (2309,2311)} 60 | 41.7206
29 | 113 | 5 | 2310 | 12766 {(137,139),(149,151), - --, (2309,2311)} 60 40.9551
30 | 127 | 5 | 2310 | 16126 {(137,139),(149,151), - --, (2309,2311)} 60 40.2302
31| 131 | 5| 2310 | 17158 {(137,139),(149,151), - -, (2309,2311)} 60 39.5967
32 [ 137 | 5| 2310 | 18766 {(137,139),(149,151), - -, (2309,2311)} 60 38.9922
33 139 5 2310 19318 {(149,151),(179,181), -- -, (2309,2311)} 59 38.4229
34 149 5 2310 22198 {(149,151),(179,181), -- -, (2309,2311)} 59 37.8701
35 151 5 2310 22798 {(179,181),(191,193), - - -, (2309,2311)} 58 37.3618
36 157 5 2310 24646 {(179,181),(191,193), - - -, (2309,2311)} 58 36.8669
37 163 5 2310 26566 {(179,181),(191,193), - - -, (2309,2311)} 58 36.3973
38 | 167 | 5 | 2310 | 278%6 {(179,181),(101,193), - -, (2309,2311)} 58 35.9507
39 | 173 | 5 | 2310 | 20926 {(179,181),(101,193), - -, (2309,2311)} 58 | 35.5201
40 | 179 | 6 | 30030 | 32038 {(179,181),(191,193), - -, (2309,2311)} 456 | 456.423
41 | 181 | 6 | 30030 | 32758 {(191,193),(197,199), - - -, (30011,30013)} 455 | 451.324
42 191 6 | 30030 36478 {(191,193),(197,199), -- -, (30011,30013) } 455 446.337
43 193 6 | 30030 37246 {(197,199),(227,229), -- -, (30011,30013)} 454 441.663
44 197 6 | 30030 38806 {(197,199),(227,229), -- -, (30011,30013) } 454 437.086
45 199 6 | 30030 39598 {(227,229),(239,241), - - -, (30011,30013)} 453 432.649
46 | 211 | 6 | 30030 | 44518 {(227,229),(239,241), - -, (30011,30013)} 153 1283

47 | 223 | 6 | 30030 | 49726 {(227,229),(239,241), - -, (30011,30013) } 153 | 424.241
48 227 6 | 30030 51526 {(227,229),(239,241), -- -, (30011,30013) } 453 420.436
19 | 229 | 6 | 30030 | 52438 {(239,241),(269,271), - -, (30011,30013)} 152 | 416.732
50 | 233 | 6 | 30030 | 54286 {(239,241),(269,271), - --, (30011,30013)} 452 | 413.092
51 | 239 | 6 | 30030 | 57118 {(239,241),(269,271), - --, (30011,30013)} 452 | 409.546
52 | 241 | 6 | 30030 | 58078 {(269,271),(281,283), - -, (30011,30013)} 451 | 406.119
53 251 6 | 30030 62998 {(269,271),(281,283), -- -, (30011,30013) } 451 402.749
54 257 6 | 30030 66046 {(269,271),(281,283), -- -, (30011,30013) } 451 399.539
55 | 263 | 6 | 30030 | 69166 {(269,271),(281,283), - -, (30011,30013)} 151 396.43

56 269 6 | 30030 72358 {(269,271),(281,283), - - -, (30011,30013)} 451 393.416
57 271 6 | 30030 73438 {(281,283),(311,313), - - -, (30011,30013)} 450 390.491
58 277 6 | 30030 76726 {(281,283),(311,313), - - -, (30011,30013)} 450 387.609
59 281 6 | 30030 78958 {(281,283),(311,313), -- -, (30011,30013) } 450 384.81

60 | 283 | 6 | 30030 | 80036 {(311,313),(347,349), - -, (30011,30013)} 149 | 382.071
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k DLyl | S Ts Proq —3 [ In{ms} (where ppy1 <ms <pp, —3<ms+1) | Ix(ms) Av(k, s)
61 293 | 6 30030 85846 {(311,313),(347,349), - - -, (30011,30013)} 449 379.371
62 307 | 6 30030 04246 {(311,313),(347,349), - - -, (30011,30013)} 449 376.781
63 311 | 6 30030 06718 {(311,313),(347,349), - - -, (30011,30013)} 449 374.327
64 313 | 6 30030 97966 {(347,349),(419,421), - - -, (30011,30013)} 448 371.92
65 317 | 6 30030 100436 {(347,349),(419,421), - - -, (30011,30013)} 448 369.543
66 331 | 6 30030 109558 {(347,349),(419,421), - - -, (30011,30013)} 448 367.212
67 337 | 6 30030 113566 {(347,349),(419,421), - - -, (30011,30013)} 448 364.993
68 347 | 6 30030 120406 {(347,349),(419,421), - - -, (30011,30013)} 448 362.827
69 349 | 6 30030 121798 {(419,421),(431,433), - - -, (30011,30013)} 447 360.736
70 353 | 6 30030 124606 {(419,421),(431,433), - - -, (30011,30013)} 447 358.668
71 359 | 6 30030 128878 {(419,421),(431,433), - - -, (30011,30013)} 447 356.636
72 367 | 6 30030 134686 {(419,421),(431,433), - - -, (30011,30013)} 447 354.649
73 373 | 6 30030 139126 {(419,421),(431,433), - - -, (30011,30013)} 447 352.717
74 379 | 6 30030 143638 {(419,421),(431,433), - - -, (30011,30013)} 447 350.825
75 383 | 6 30030 146636 {(419,421),(431,433), - - -, (30011,30013)} 447 348.974
76 380 | 6 30030 151318 {(419,421),(431,433), - - -, (30011,30013)} 447 347.152
77 397 | 6 30030 157606 {(419,421),(431,433), - - -, (30011,30013)} 447 345.367
78 401 | 6 30030 160798 {(419,421),(431,433), - - -, (30011,30013)} 447 343.627
79 409 | 6 30030 167278 {(419,421),(431,433), - - -, (30011,30013)} 447 341.913
30 419 | 6 30030 175558 {(419,421),(431,433), - - -, (30011,30013)} 447 340.241
81 421 | 6 30030 177238 {(431,433),(461,463), - - -, (30011,30013)} 446 338.617
82 431 | 6 30030 185758 {(431,433),(461,463), - - -, (30011,30013)} 446 337.009
83 433 |6 30030 187486 {(461,463),(521,523), - - -, (30011,30013)} 445 335.445
34 439 | 6 30030 192718 {(461,463),(521,523), - - -, (30011,30013)} 445 333.895
35 443 [ 6 30030 196246 {(461,463),(521,523), - - -, (30011,30013)} 445 332.374
36 49 | 6 30030 201598 {(461,463),(521,523), - - -, (30011,30013)} 445 330.874
87 457 | 6 30030 208846 {(461,463),(521,523), - - -, (30011,30013)} 445 329.4
88 461 | 6 30030 212518 {(461,463),(521,523), - - -, (30011,30013)} 445 327.958
89 463 | 6 30030 214366 {(521,523),(569,571), - - -, (30011,30013)} 444 326.535
90 467 | 6 30030 218086 {(521,523),(569,571), - - -, (30011,30013)} 444 325.125
91 479 | 6 30030 229438 {(521,523),(569,571), - - -, (30011,30013)} 444 323.732
92 487 | 6 30030 237166 {(521,523),(569,571), - - -, (30011,30013)} 444 322.381
93 491 | 6 30030 241078 {(521,523),(569,571), - - -, (30011,30013)} 444 321.057
04 499 | 6 30030 248998 {(521,523),(569,571), - - -, (30011,30013)} 444 319.749
95 503 | 6 30030 253006 {(521,523),(569,571), - - -, (30011,30013)} 444 318.467
96 509 | 6 30030 259078 {(521,523),(569,571), - - -, (30011,30013)} 444 317.201
07 521 | 6 30030 271438 {(521,523),(569,571), - - -, (30011,30013)} 444 315.955
98 523 | 6 30030 273526 {(569,571),(599,601), - - -, (30011,30013)} 443 314.742
99 541 | 6 30030 292678 {(569,571),(599,601), - - -, (30011,30013)} 443 313.538
100 547 | 6 30030 299206 {(569,571),(599,601), - - -, (30011,30013)} 443 312.379

101-103 — 6 30030 — {(569,571),(599,601), - - -, (30011,30013)} 443 —
104-108 — 6 30030 — {(599,601),(617,619), - - -, (30011,30013)} 442 —
109-112 — 6 30030 — {(617,619),(641,643), - - -, (30011,30013)} 441 —
113-115 - 6 30030 - {(641,643),(659,661), - - -, (30011,30013)} 440 -
116-119 - 6 30030 - {(659,661),(809,811), - - -, (30011,30013)} 439 -
120-125 - 6 30030 - {(809,811),(821,823), - - -, (30011,30013)} 438 -
126 709 | 6 30030 502678 {(809,811),(821,823), - - -, (30011,30013)} 438 287.179
127 719 | 7 510510 516958 {(809,811),(821,823), - - -, (510449,510451)} 4606 4868.27
128-139 — 7 510510 — {(809,811),(821,823), - - -, (510449,510451)} 4606 —
140-141 - 7 510510 - {(821,823),(827,829), - - -, (510449,510451)} 4605 —

: — 7 510510 — {(=,=), -+, (510449,510451)} — —
442 3109 | 7 510510 9665878 {(3119,3121), - - -, (510449,510451)} 4554 3273.78
443 3119 | 8 | 9699690 9728158 {(3119,3121), - - -, (9699647,9699649) } 57371 | 62161.8

: — 8 | 9699690 — {(—=,—-), ---, (9699647,9699649)} — —

1741-1746 — 8 | 9699690 — {(15137,15139), - - -, (9699647,9699649) } 57181 —
1747 14929 | 8 | 9699690 | 222875038 {(15137,15139), - - -, (9699647,9699649) } 57181 | 43638.2
1748 14939 | 9 | 223092870 | 223173718 | {(15137,15139), ---, (223092671,223092673)} | 895790 | 1003540
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